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Abstract
Fix an o-minimal expansion of the real exponential field that admits smooth cell decomposition. We study
the density of definable smooth functions in the definable continuously differentiable functions with respect
to the definable version of the Whitney topology. This implies that abstract definable smooth manifolds are
affine. Moreover, abstract definable smooth manifolds are definably C∞-diffeomorphic if and only if they
are definably C1-diffeomorphic.
© 2008 Elsevier Inc. All rights reserved.
Keywords: Smooth functions; o-Minimal structure; Differentiable manifolds
1. Introduction
In [31], H. Whitney proved the analytic approximation of differentiable functions and sub-
manifolds. The corresponding semialgebraic version was proved in [27]. In the present paper, we
study the smoothing of differentiable functions and its differential geometric applications for a
certain class of o-minimal structures.
An o-minimal structure is a family (Sn)n∈N, which satisfies the following property: each Sn is
the Boolean algebra of definable subsets of Rn, which contains all semialgebraic subsets of Rn,
such that linear projections and finite products of definable sets are again definable, and such
that S1 consists precisely of finite unions of open intervals and singletons. Functions are called
definable provided that their graph is definable.
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ples of o-minimal structures can be found in [1,4,6,8,9,16,26,33]. Originated in model theory,
these structures offer geometric objects of high research potential. The o-minimality excludes
“wild” sets such as the graph of sin(1/x) on (0,∞). However, this prohibits us to apply classical
techniques such as integration in o-minimal structures. Our methods are based on weak Cauchy
estimates for definable functions as described in [13, Proposition 2.1].
An indefinitely continuously differentiable function is called smooth. As smooth and analytic
coincide in the semialgebraic case, cf. [20, p. 96, Example 3.11.2], parts of our results generalize
the semialgebraic results. The techniques used in [27] are substantially based on the special
properties of the semialgebraic structure, and they do not apply to any other o-minimal structure.
The topology that Whitney used, cf. [31, Section I.6], is too strong for our purposes if the
submanifold is not compact. Instead, we use a weaker topology, which was introduced in [27]
for the semialgebraic structure, and whose viability in the more general setting of o-minimal
structures was demonstrated in [11].
By [32], the concept of indefinite differentiability is in general not well-behaved in o-minimal
structures. For this reason, we restrict our considerations to those structures for which smooth
cell decomposition holds. Our methods also require the existence of definable flat functions so
that we additionally claim the definability of the exponential function. This, in turn, is equivalent
to the existence of definable flat functions by [22].
In what follows, we fix an o-minimal structure for which the exponential function is definable,
and which possesses smooth cell decomposition.
Let m be a non-negative integer or let m = ∞. We abbreviate m times continuously differ-
entiable by Cm. For any multi-index α ∈ Nn we set |α| = α1 + · · · + αn. By Dα we denote the
differential operator, which maps a C|α| function to its αth derivative. We will prove the following
theorem on which further results are based.
Theorem 1.1. Let 0  m be an integer, let U ⊂ Rn be a definable open set, and let f :U → R
be a definable Cm function. Then, for every definable continuous function ε :U → (0,∞), there
is a definable smooth function g :U → R such that
∣∣Dαf (u)−Dαg(u)∣∣< ε(u), u ∈U, |α|m. (1)
In addition, if S ⊂U is definable, closed in U , and contains all non-smooth points of f , and if V
is any definable open neighborhood of S, we may assume that g coincides with f outside of V .
The case m = 0 was proved in [14]. The additional statement does not apply to o-minimal
structures without the exponential function, because in this case, definable smooth functions are
quasi-analytic, cf. [21]. It is still an open question, whether the first part of Theorem 1.1 holds in
any other polynomially bounded o-minimal structure besides the semialgebraic structure.
Theorem 1.1 yields a very strong version of definable smooth separation of sets, which we
formulate in the following corollary.
Corollary 1.2. Let U ⊂ Rn be a definable open set, and let A,B ⊂ U be definable disjoint sets,
which are closed in U . Then there is a definable smooth function ϕ :U → R, such that
A⊂ {ϕ = 1} and B ⊂ {ϕ = 0}. (2)
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as a set. An abstract definable Cm manifold is a Cm manifold with a finite atlas {φi :Ui → Rn}
such that each φi(Ui ∩ Uj ) is a definable open set in Rn, and the maps φj ◦ φ−1i restricted to
φi(Ui ∩Uj) are definable Cm diffeomorphisms onto their images. The number n is the dimension
of M . Every definable Cm submanifold is abstract definable.
A subset S of M is called abstract definable if φi(Ui ∩ S) is definable for every chart φi . The
Cartesian product of finitely many abstract definable Cm manifolds is again an abstract defin-
able Cm manifold. A map between abstract definable manifolds is abstract definable, if its graph
is abstract definable.
The separation argument allows us to prove that abstract definable manifolds are affine.
Theorem 1.3. Let 0  m ∞. Then every abstract definable Cm manifold of dimension n is
definably Cm-diffeomorphic to a definable Cm submanifold of R2n+1.
The semialgebraic case was completely studied in [28,29]. Note that, contrary to the o-
minimal structures considered in the present paper, abstract semialgebraic C∞ manifolds are not
necessarily affine, cf. [28]. For finite m 2, the embedding of abstract definable Cm manifolds
has been proved in several versions, see for example [17].
The above approximation in Theorem 1.1 corresponds to a topology on the set of definable Cm
functions from U to R, which we call the Cmdef-topology. This topology generalizes naturally to
the Cmdef-topology on the set of definable Cm functions between definable Cm submanifolds of the
Euclidean space. Theorem 1.1 generalizes to definable functions between two definable smooth
submanifolds. As an application we obtain the following theorem.
Theorem 1.4. Let 1m< ∞. Two abstract definable smooth manifolds are abstract definably
C∞-diffeomorphic if and only if they are abstract definably Cm-diffeomorphic.
Note that the above theorem is false if m = 0. By [29, p. 126, Remark II.4.5], an exotic
sphere M of Milnor of dimension 7, [23], is abstract semialgebraically homeomorphic to S7 =
{x ∈ R8: ‖x‖ = 1}, but not C1-diffeomorphic.
As the last application of Theorem 1.1, we prove that every definable Cm submanifold of Rn
can be approximated by a definable smooth submanifold.
Theorem 1.5. Let m 1 be an integer. Let M ⊂ Rn be a definable Cm submanifold. Let S ⊂ M
be a definable set closed in M with S containing all non-smooth points of M . If U is a definable
open neighborhood of S in Rn, there is a definable smooth submanifold N ⊂ Rn and there is a
definable Cm diffeomorphism ϕ :M →N such that ϕ|M\U = Id.
The paper is organized as follows: in Section 2, we briefly recall smooth and analytic cell
decomposition, present the concept of Λm-regular stratification and some basic concepts of
o-minimal geometry. Section 3 is devoted to the proof of Theorem 1.1. In Section 4 we discuss
some consequences of Corollary 1.2, in particular, Theorem 1.3. The abstract definable smooth
functions from an abstract definable smooth manifold to R are studied in Section 5, and Section 6
is concerned with Theorems 1.4 and 1.5.
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2.1. Smooth and analytic cell decomposition
We recall the concept of smooth cell decomposition, cf. [5, p. 114]. A definable function
f :A→ R is called smooth if there exists a definable open neighbourhood U of A and a definable
smooth function F :U → R such that F |A = f . The symbols +∞ and −∞ are regarded as
constant functions.
A smooth cell C ⊂ R is a singleton or an open interval. Suppose that the smooth cells of Rn are
already constructed. Then, a smooth cell C ⊂ Rn+1 is either the graph of a definable C∞ function
h :D → R, where D ⊂ Rn is a smooth cell, or a band {(x, y): x ∈D,f (x) < y < g(x)} between
two definable functions f,g ∈ C∞(D,R) ∪ {±∞} whose domain is a smooth cell D ⊂ Rn and
which satisfy f (x) < g(x) for all x ∈D. The cell D is the domain of the cell C. A finite partition
of Rn+1 into smooth cells is called smooth cell decomposition if the set of the corresponding
domains forms a partition of Rn.
An o-minimal structure admits smooth cell decomposition if, for any definable sets A1, . . . ,
Ar ⊂ Rn and for any definable function f :Rn → R, there exists a smooth cell decomposition
of Rn such that each cell is either contained in Ai or disjoint from Ai , i = 1, . . . , r , and the
restriction of f to any cell is a smooth function. The concept of analytic cell decomposition is
defined similarly.
Some examples of o-minimal structures that admit smooth cell decomposition are the fol-
lowing. The Pfaffian closure of an o-minimal structure defines the exponential function, it is
o-minimal, cf. [30], and it preserves analytic cell decomposition, cf. [19]. Analytic cell decom-
position is a crucial part of the proof of Parusin´ski’s Rectilinearization Theorem for the structure
Ran of restricted analytic functions, cf. [4,24], and it was also used to prove an Ran-definable ver-
sion of Whitney’s Extension Theorem, cf. [18]. The o-minimal expansions of Ran constructed
in [6,9] admit analytic cell decomposition and define the exponential function. The structures
generated by certain transition maps, cf. [16], also admit analytic cell decomposition, and so
does their expansion by the exponential function. The o-minimal structures generated by certain
quasi-analytic Denjoy Carleman classes and expanded by the exponential function admit smooth
cell decomposition, cf. [26].
2.2. Λm-regular stratification
We use dist(−,−) to denote the Euclidean distance function, where sets are allowed for the
second argument. One crucial tool in the proof of Theorem 1.1 is the concept of Λm-regular
stratification that we discuss in the following. For the rest of this section let m be a non-negative
integer.
2.2.1. Λm-regular functions and cells
Definition 2.1. Let U ⊂ Rn be a definable open set, and let 0m<∞ an integer. We say that a
function f :U → Rk is Λm-regular with constant L> 0, if f is definable, smooth, and satisfies
∥∥Dαf (u)∥∥ L |α|−1 , u ∈U, α ∈ Nn, 1 |α|m. (3)dist(u, ∂U)
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Λm-regular functions from U to V are denoted by Λm(U,V ).
Note that, if m= 0, the function f is just definable and smooth. With the help of Λm-regular
functions we can describe Λm-regular cells.
Definition 2.2. The standard Λm-regular cells in R are the singletons and open intervals. Let
the standard Λm-regular cells in Rn be constructed. Then a standard Λm-regular cell in Rn+1 is
either a singleton, or a set of the form
(h)X :=
{
(x, y): x ∈X, y = h(x)} (4)
where X ⊂ Rd is an open Λm-regular cell and h ∈Λm(X,Rn−d+1), or it is a set of the form
(f, g)X :=
{
(x, y): x ∈X, f (x) < y < g(x)} (5)
where X ⊂ Rn is an open standard Λm-regular cell and f,g ∈ Λm(X,R) ∪ {±∞} such that
f (x) < g(x) for all x ∈X. A set is called a Λ-regular cell if it is a standard Λm-regular cell after
some linear orthogonal change of coordinates.
2.2.2. Dimension
Every Λm-regular cell in Rn is definably homeomorphic to some Rd . The dimension of a non-
empty definable set X is the maximal integer dim(X) such that X contains a definable set, which
is definably homeomorphic to Rdim(X), and dim(∅)= −∞. Note that by [5, p. 67, Theorem 1.8],
dim(∂X) < dim(X) (6)
where ∂X := cl(X) \X denotes the frontier of the set X.
2.2.3. Λm-regular stratification
In the next theorem, we combine the concepts of smooth cell decomposition and Λm-regular
stratification, cf. [12, Theorem 4.5], see also [13, Theorem 1.4].
Theorem 2.3. Let A1, . . . ,Ak ⊂ A ⊂ Rn be definable sets, and let f :A → R be a definable
function. Then there is a Λm-regular stratification of A, which is compatible with A1, . . . ,Ak .
That is, there is a partition of A into finitely many definable sets S1, . . . , Sr , called strata, with
the following properties:
(a) each stratum S is a Λm-regular cell,
(b) the frontier of each stratum S is the union of some of the strata,
(c) for each stratum S, the restriction f |S is smooth,
(d) each stratum S has a definable open neighborhood U such that U ∩ S′ = ∅ for each stratum
S′ = S with dim(S′) dim(S),
(e) each Ai is the union of some of the strata, i = 1, . . . , k.
In Sections 2.2 and 2.3, neither the exponential function nor smooth cell decomposition are
required.
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Let M ⊂ Rn and N ⊂ Rp be definable Cm submanifolds. We denote by Cmdef(M,N) the set of
definable Cm functions from M to N . The Cmdef-topology on Cmdef(M,N) is obtained as follows.
Let m 1, let f ∈ Cmdef(M,R), and let V :M → Rn be any definable Cm−1 vector field. Then
Vf :M → R is defined by Vf (x) :=Df (x)(V (x)), where V (x) is contained in the tangent space
TxM at x in M for all x ∈M .
Let V1, . . . , Vp :M → Rn be definable Cm−1 vector fields such that for each x ∈ M , the vec-
tors V1(x), . . . , Vp(x) generate TxM . For every definable continuous function ε :M → (0,∞)
we define the set Umε (f ) as the set of all definable Cm functions g :M → R, which satisfy for
each x ∈M ,
∣∣Vi(1) · · ·Vi(j)(f (x)− g(x))∣∣< ε(x), 1 i(1), . . . , i(j) p, 0 j m. (7)
For m = 0, the set U0ε (f ) consists of the definable continuous functions g :M → R with
|f (x)− g(x)|< ε(x), x ∈M .
The Cmdef-topology on Cmdef(M,R) is the coarsest topology for which the sets Umε (f ) are open.
Moreover, we endow Cmdef(M,Rp) with the product topology, and we consider the set
Cmdef(M,N) as a topological subspace of Cmdef(M,Rp).
Similar to the Whitney topology, the definable Cm diffeomorphisms between two definable
Cm submanifolds M and N form an open subset of Cmdef(M,N) with respect to the Cmdef-topology,
cf. [29, Lemma II.1.7].
If M ′ ⊂M is a closed submanifold, then the restriction mapping
res: Cmdef(M,R)→ Cmdef(M ′,R) (8)
is continuous, cf. [11, Proposition 1.2].
Let M ⊂ Rn, N ⊂ Rk and P ⊂ Rp be definable Cm submanifolds, and let h :N → P be a
definable Cm mapping. Then the map h∗ :Cmdef(M,N)→ Cmdef(M,P ), defined by
f → h∗(f ) := h ◦ f, (9)
is continuous, cf. [11, Proposition 1.3].
2.4. Retractions
Let M ⊂ Rn be a definable smooth submanifold. We denote by NxM the normal space to M
at x. The normal bundle of M is the set NM := {(x, ν): x ∈M, ν ∈ NxM}, which is a definable
smooth submanifold, and the mapping ϕ : NM → Rn,
ϕ(x, ν) := x + ν, (10)
is a definable smooth map. According to [3, Theorem 6.11], there is a definable open neighbor-
hood U of M ×{0} such that ϕ|U is a definable diffeomorphism. We may further assume that the
set U is of the form
U = {(x, ν) ∈ NM: ‖ν‖< ε(x)}, (11)
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projection π(x, ν) := x, then r :Ω →M ,
r(ω) := π(ϕ−1(ω)), ω ∈Ω, (12)
is a definable smooth retraction, that means, the restriction of r to M is the identity. The pair
(Ω, r) is a definable Cm tubular neighborhood.
3. Proof of Theorem 1.1
3.1. Some lemmas
Let m 0 be a fixed integer. We prepare the proof of Theorem 1.1 by several technical lem-
mas.
Lemma 3.1. Let X  Rn be an open Λ0-regular cell and let Δ :X → (0,∞) be definable and
continuous. Then there is a Λm-regular function ϕ :X → (0,1) with constant 1 such that
ϕ(x) <Δ(x), x ∈X. (13)
Proof. Let σ :Rn → Rn be the definable smooth function
(x1, . . . , xn) →
(
x1√
1 + x21
, . . . ,
xn√
1 + x2n
)
. (14)
Then, the set σ(X) is a bounded open Λ0-regular cell. We prove by induction on n that there is
a definable smooth function φ :X → (0,∞) tending to 0 as x → ∂X.
The case n = 1 is evident. Let n  1, and let Y = (f, g)X ⊂ Rn+1 be a bounded Λ0-regular
cell. Let φ˜ :X → (0,∞) be a function according to the induction hypothesis. Hence, the function
φ :Y → (0,∞) defined by
φ(x, xn+1) := φ˜(x)
(
xn+1 − f (x)
)(
g(x)− xn+1
)
, (x, xn+1) ∈ Y, (15)
has the desired properties.
Note that φ can be continuously extended to cl(X) by setting φ = 0 on ∂X. According to the
generalized Łojasiewicz inequality, cf. [7, C.14], in connection with smooth cell decomposition,
there is a definable smooth strictly increasing function ρ :R → R with ρ(0)= 0 such that
ρ ◦ φ(x) < min(1,Δ ◦ σ−1(x),dist(x, ∂σ (X))), x ∈ σ(X). (16)
Hence,
ρ ◦ φ ◦ σ(x) <Δ(x), x ∈X. (17)
Take a sufficiently fast increasing definable smooth function ψ : (−1,∞) → (1,∞). Then, the
function ϕ :X → R,
ϕ(x) := ρ ◦ φ ◦ σ(x)
ψ(‖x‖2) , x ∈X, (18)
has the desired properties. 
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regular functions with constant 1 and K1  1, respectively. Furthermore, let g(x) dist(x, ∂X).
If ρ :R → R is a Cm function, whose derivatives ρ(0), . . . , ρ(m) are bounded by K2  1, there is
a constant L, which depends only on K1, K2 and m, such that for all x ∈X and |α|m,
∣∣∣∣Dαρ
(
h(x)
g(x)
)∣∣∣∣ L|g(x)||α| . (19)
Proof. Step 1: By induction on |α| we obtain real numbers aα,β(1),...,β() where β(i) ∈ Nn \ {0}
and |β(1)+ · · · + β()| = |α|, such that for all C|α| functions ϕ :R → R and ψ :X → R, and all
x ∈X,
Dαϕ ◦ψ(x)=
|α|∑
=1
ϕ()
(
ψ(x)
) ∑
β(1),...,β()∈Nn\{0}
|β(1)+···+β()|=|α|
aα,β(1),...,β()
∏
i=1
Dβ(i)ψ(x). (20)
Step 2: Let ϕ(x) := 1/x and ψ := g. Then,
∣∣Dβg(x)∣∣ dist(x, ∂X)1−|β|  ∣∣g(x)∣∣1−|β|. (21)
As |g(x)|  1, there is a constant C1, which depends only on m, such that for all x ∈ X and
|α|m,
∣∣∣∣Dα 1g(x)
∣∣∣∣ C1|g(x)||α|+1 . (22)
Step 3: The Leibnitz formula for derivatives implies some constants α,β for |α|  m and
β  α (that is, βi  αi for i = 1, . . . , n) such that
Dα
h(x)
g(x)
=
∑
βα
α,β
(
Dβh(x)
)
Dα−β
(
1
g(x)
)
. (23)
As |Dαh(x)|K1|g(x)|1−|α|, there exists a constant C2  1 depending only on K1 and m, such
that
∣∣∣∣Dα
(
h(x)
g(x)
)∣∣∣∣ C2|g(x)||α| . (24)
Step 4: Let ϕ := ρ and ψ := h/g. Recall that the derivatives of ρ are bounded by K2. Then,
according to Steps 1 and 3,
∣∣∣∣Dα ρ(h(x))g(x)
∣∣∣∣mK2C2
∑ ∑′|aγ,β1,...,β |∣∣g(x)∣∣−|α|, (25)
|γ |m
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β(1), . . . , β() ∈ Nn \ {0} which satisfy |β(1) + · · · + β()| = |γ |. Note that |g(x)|−m 
|g(x)|−|α| for |α|m, and set
L :=mK2C2
∑
|γ |m
∑′|aγ,β1,...,β |.  (26)
The next lemma plays the key role in the proof of Theorem 1.1. For α ∈ Nn and y ∈ Rn, we
set α! := α1! · · · · · αn! and yα := yα11 · · · · · yαnn .
Lemma 3.3. Let Y ⊂ Rn be a Λm-regular cell, and let U and V be open definable neighborhoods
of Y with V ⊂ U . Let f :U → R be a definable Cm function such that Dαf |Y and Dαf |U\cl(Y )
are smooth functions for |α|m. Then, for every definable continuous function ε :U → (0,∞),
there exists a definable Cm function g :U → R with the following properties:
(a) g is smooth in U \ ∂Y ,
(b) Dαg|∂Y =Dαf |∂Y , |α|m,
(c) |Dα(f − g)(u)|< ε(u), |α|m, u ∈U ,
(d) g = f outside of V .
Proof. Step 1: We select a coordinate system in which Y = (h)X where X ⊂ Rd is an open
Λm-regular cell, and h :X → Rn−d is a Λm-regular function with constant K .
Let G :X × Rn−d → R be defined by
G(x,y) :=
∑
|(0,β)|m
yβ
β!D(0,β)(f ◦ψ)(x,0) (27)
where ψ :X × Rn−d →X × Rn−d is the Λm-regular map ψ(x, y) := (x, y + h(x)).
Then the function F :=G◦ψ−1 :X×Rn−d → R is definable and smooth such that DαF |Y =
Dαf |Y for |α|m.
Step 2: Select further a definable smooth function ρ :R → [0,1], which equals 1 on
[−1/2,1/2] and vanishes outside of (−1,1). Let L be the constant of Lemma 3.1 corresponding
to ρ and (x, y) → y − h(x) in place of ρ and h, and let
Lm := max
{∑
βα
|α,β |: |α|m
}
(28)
where the α,β are taken from Lemma 3.2, Step 3. For u ∈U , set
δ(u) := ε(u)
2LLm
. (29)
As F and f coincide on Y together with their derivatives of order at most m, there is a definable
open set W ⊂X × Rn−d containing Y such that W \ Y is a subset of the intersection of the sets
{
v ∈ V : ∣∣Dα(F − f )(v)∣∣< min(δ(v),dist(v, ∂Y )m+1)dist(v,Y )m−|α|}, (30)
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Δ(x) := min(1,dist((x,h(x)),Rn \W )). (31)
Take by Lemma 3.2 a definable Λm-regular function ϕ :X → (0,1) which vanishes outside
of X, satisfies ϕ(x) < Δ(x) for x ∈ X, and whose derivatives of order at most m are bounded
by 1.
Step 3: We define the definable function g :U → R by
g(x, y) :=
{
F(x, y)ρ
( y−h(x)
ϕ(x)
)+ f (x, y)(1 − ρ( y−h(x)
ϕ(x)
))
, if x ∈X,
f (x, y), if x /∈X. (32)
The values of g differ from those of f only in the set
Vϕ :=
{
(x, y): x ∈X;∥∥y − h(x)∥∥< ϕ(x)}, (33)
and the function g is smooth in X×Rn−d ∩U . Hence, it remains to prove that Dα(g−f )(u)→ 0
as u→ ∂Y , and that |Dα(g − f )(u)|< ε(u) for u ∈U , for all |α|m.
Let (x, y) ∈ Vϕ and γ (x, y) := min(δ(x, y),dist((x, y), ∂Y )m+1). Then
∣∣Dα(g − f )(x, y)∣∣
∣∣∣∣Dα
((
F(x, y)− f (x, y))ρ
(
y − h(x)
ϕ(x)
))∣∣∣∣

∑
βα
∣∣∣∣α,β(Dβ(F(x, y)− f (x, y)))Dα−βρ
(
y − h(x)
ϕ(x)
)∣∣∣∣

∑
βα
|α,β |γ (x, y)dist
(
(x, y),Y
)m−|β|
L
∣∣ϕ(x)∣∣|β−α|
 LLmγ (x, y)
∣∣ϕ(x)∣∣m−|α|
 LLm min
(
δ(x, y),dist
(
(x, y), ∂Y
)m+1)
< min
(
ε(x, y),LLmdist
(
(x, y), ∂Y
)m+1)
.  (34)
3.2. Proof of Theorem 1.1
Proof of Theorem 1.1. According to Theorem 2.3 there is a Λm-regular stratification Y1, . . . , Ys
of Rn compatible with the sets U and S, such that Dαf |Y is a smooth function for all strata Y
contained in U and |α|m. By Theorem 2.3(d), each Yi has a definable open neighborhood Ui
which is disjoint from all the sets Yj with j = i and dim(Yj ) dim(Yi). Let Z1, . . . ,Zq denote
the strata of dimension at most n− 1 which are contained in U ∩ S. We order these strata such
that dim(Zi+1) dim(Zi) for i = 1, . . . , q − 1.
We prove the following statement, which implies the conclusion of Theorem 1.1, by induction
on r .
For all definable continuous functions ε˜ :U → (0,∞) and for all definable Cm functions
F :U → R which satisfy the conditions
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(b) F is smooth in U \⋃ri=1 Zi ,
there is a definable smooth function g :U → R such that
∣∣Dα(g − F)(u)∣∣< ε˜(u), u ∈U, |α|m. (35)
The case r = 0 is evident. We assume that the statement holds for r  0.
Let Z := Zr+1. After some linear orthogonal change of variables, the set Z is the graph of
a Λm-regular function h :X → Rn−d where X ⊂ Rd is some open Λm-regular cell. We take a
definable open neighborhood W of Z such that cl(W) \ ∂Z is contained in V . Let Δ :X → R be
the definable continuous function which assigns to each x ∈X the value
Δ(x) := min
(
dist
((
x,h(x)
)
,
⋃
ir
Zi
)
,dist
((
x,h(x)
)
, ∂Z
)
,dist
((
x,h(x)
)
, ∂W
))
. (36)
According to Lemma 3.1, there is a definable Cm function G :U → R, which coincides with F
outside W such that
∣∣Dα(G− F)(u)∣∣< ε˜(u)2 , u ∈U, |α|m. (37)
In addition, the set of points at which G is not smooth is contained in
⋃r
i=1 Zi , and the restrictions
of G to the sets Zi , i = 1, . . . , r , and U \⋃ri=1 Zi are smooth. We apply the induction hypothesis
to ε˜/2 and G in place of ε˜ and F so that we obtain a definable smooth function g :U → R which
satisfies
∣∣Dα(g −G)(u)∣∣< ε˜(u)2 , |α|m, u ∈U. (38)
Therefore,
∣∣Dα(g − F)(u)∣∣< ∣∣Dα(g −G)(u)∣∣+ ∣∣Dα(G− F)(u)∣∣< ε˜(u), (39)
for |α|m and u ∈U . 
4. Consequences of Corollary 1.2
First we prove Corollary 1.2. By clM(U) and ∂MU we denote the closure of U and the frontier
of U , respectively, relative to the set M .
Proof of Corollary 1.2. Select definable open neighborhoods VA and VB of A and B in U ,
respectively, such that clU(VA)∩clU(VB)= ∅. Let ψ :U → R be a definable continuous function
which equals 1 in clU(VA) and vanishes in clU(VB), cf. [7, Corollary C.12]. Then there is a
definable open neighborhood of the relative closure of the non-smooth points of ψ which is
disjoint from A∪B . Take a definable smooth function ϕ :U → R which equals ψ in A∪B . 
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structures. That is, an o-minimal structure, in which all definable functions in one variable are
ultimately bounded by a polynomial. There, definable smooth functions are quasi-analytic. That
is, for a definable and open set U ⊂ Rn, the mapping assigning to f ∈ C∞def(U,R) its Taylor series
at a given point of U is injective. Even the weaker statement, “A ⊂ {ϕ > 0} and B ⊂ {ϕ < 0},”
where ϕ is a definable smooth function, is only known for the semialgebraic structure, cf. [2].
4.1. On zero-sets of definable smooth functions
The statement of the next lemma does not apply to the semialgebraic structure, cf. [29, Re-
mark I.2.2(v)]. Note that we consider o-minimal structures in which the exponential function is
definable.
Lemma 4.2. Every definable smooth submanifold M ⊂ Rn is the zero-set of a definable smooth
function ϕ that is defined on a definable open neighborhood of M . Finite unions and intersections
of definable closed smooth submanifolds of Rn are the zero-sets of definable smooth functions
from Rn to R.
Proof. Take a definable tubular neighborhood Ω of M in Rn, and select a definable smooth
retraction r :Ω →M . Define f :Ω → R by f (ω) := ‖ω−r(ω)‖2. If M is not closed, set ϕ := f .
If M is closed, it is enough to construct a definable smooth function ϕ :Rn → [0,∞) whose
zero-set is M . Finite unions and intersections are then obtained by multiplying, respectively
adding, such functions. Let U be a definable open neighborhood of M in Rn such that cl(U)⊂Ω .
Then, by Corollary 1.2, there is a definable smooth function φ :Rn → R which equals 1 in M
and vanishes outside of U . Set ψ := 1 − φ and define ϕ :Rn → R by
ϕ(u) := φ2(u)f (u)+ψ2(u), u ∈U.  (40)
The zero-set property for definable smooth functions is only known for locally polynomially
bounded o-minimal structures, cf. [15, Chapter 8]. However, the following weaker result holds
true in all o-minimal expansions of the real exponential field with smooth cell decomposition.
Proposition 4.3. Let A ⊂ Rn be definable. Then A = π(f−1(0)) where f :Rn+1 → R is a de-
finable smooth function, where f−1(0) ⊂ Rn+1 is a definable smooth submanifold, and where
π :Rn+1 → Rn is the projection on the first n coordinates.
Proof. Take a Λ0-regular stratification of Rn, which is compatible with A. Denote by S1, . . . , Sk
the strata contained in A. Each stratum is a definable smooth submanifold of Rn. As the strata
are disjoint, it is enough to prove that each stratum S is the projection of a definable closed
smooth submanifold in Rn+1. The case where the stratum is a single point is evident. Otherwise,
let Δ :Rn \ S → [0,∞) be defined by Δ(x) = min(1/2,dist(x, ∂S)). By Theorem 1.1 there is a
definable smooth function f ∈ UΔ/2(Δ). This function can be continuously extended to Rn by
setting f = 0 on ∂S. Then
N := {(x, t) ∈ Rn+1: x ∈ S, tf (x)= 1} (41)
is a definable closed smooth submanifold of Rn+1, and π(N)= S. 
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Corollary 4.4. The structure 〈R,<,F 〉 whereF =⋃∞n=1 C∞def(Rn,R) is model-complete.
4.2. Definable abstract manifolds are affine
As a further application of Corollary 1.2 we prove Theorem 1.3. That is, definable smooth
manifolds are affine.
Remark 4.5. Let 1  m ∞. Every definable Cm submanifold M ⊂ Rn has a finite atlas of
definable Cm charts πi :Ui → Rd where πi is a projection onto some d-dimensional coordinate
plane, see for instance [2, Corollary 9.3.19], and replace semialgebraic by definable. We call
such charts simple.
We prepare the proof of Theorem 1.3 by the following partition of unity.
Lemma 4.6. Let 0 m∞. Let M be an abstract definable Cm manifold with the finite atlas
{φi :Ui → Rn, i = 1, . . . , k}. Then there exist abstract definable Cm functions ϕi :M → [0,∞),
i = 1, . . . , k, such that
(a) supp(ϕi)⊂Ui , and
(b) ∑ki=1 ϕ(u)= 1, u ∈M .
Proof. Step 1: Let U0 = ∅. We construct abstract definable Cm functions ψi :M → [0,∞), such
that supp(ψi)⊂Ui , i = 0, . . . , k, and M =⋃ki=0 ψ−1i ((0,∞)).
Let ψ0 = 0. Let i  1, and for j = 0, . . . , i − 1, let the function ψj be constructed.
Set
U ′i :=
i−1⋃
j=0
ψ−1j
(
(0,∞))∪
k⋃
j=i+1
Uj , (42)
set Vi := φi(Ui \U ′i ), and set
Wi :=
{
v ∈ φi(Ui): dist
(
v, ∂φi(Ui)∩ cl
(
φi
(
U ′i
)))
 dist(v,Vi)
}
. (43)
The sets Vi and Wi are disjoint, definable and closed in φi(Ui), and they satisfy ∂φi(Ui)⊂ ∂Vi ∪
∂Wi . Take by Corollary 1.2 a definable smooth function ρi :φi(Ui) → [0,∞) which equals 1
in Vi and vanishes in Wi . Let ψi :M → R be the abstract definable Cm function that vanishes
outside of Ui and equals ρi ◦ φi in Ui . By construction, the union ⋃ki=1{ψi > 0} covers M .
Step 2: For i = 1, . . . , k, let ϕi :M → R be the function
ϕi := ψi∑k
j=1 ψj
. (44)
Then the functions ϕ1, . . . , ϕk satisfy the conclusion of the lemma. 
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Proof of Theorem 1.3. Let M be an abstract definable Cm manifold with the finite atlas
{φi :Ui → Rn: i = 1, . . . , k}.
Step 1: By Lemma 4.6, there are abstract definable Cm functions ϕi :M → [0,1] with
supp(ϕi)⊂Ui , i = 1, . . . , k, whose sum equals 1.
Define Φ :M → Rkn+k by
Φ(x) := (ϕ1(x)φ1(x), . . . , ϕk(x)φk(x),ϕ1(x), . . . , ϕk(x)), x ∈M. (45)
The function Φ is well defined, as supp(ϕi) is contained in Ui . Hence, the abstract definabil-
ity and the Cm differentiability of Φ are implied by the construction. As the charts φi are Cm
diffeomorphisms, the function Φ is a local Cm diffeomorphism.
Next we prove that Φ is injective. If Φ(x) = Φ(y), then ϕi(x) = ϕi(y) for i = 1, . . . , k. At
least one ϕi(x) = 0, which implies that φi(x) = φi(y). Therefore y = x, as φi is a homeomor-
phism.
To prove that Φ is a homeomorphism, we prove that Φ is closed. For each i, let Xi :=
ϕ−1i ((0,∞)), and let πi :Φ(M) → {(ϕi(u)φi(u),ϕ(u)): u ∈ M} be the canonical projection.
Then τi :πi(Φ(M)) \ {0} → φi(Xi) where (y, z) → y/z is bijective.
Let C ⊂ M be an abstract definable closed set, and suppose that there is an element a ∈
∂Φ(M)(Φ(U)). As a ∈Φ(M), there is at least one i for which πi(a) = 0. By the curve-selection-
lemma, cf. [5, p. 94, Corollary 1.5], there exist definable continuous paths ρ : (0,1) → Φ(C)
and ρ˜ : (0,1) → C, such that limt→0 ρ(t) = a and ρ = Φ ◦ ρ˜. Since a /∈ Φ(C), the limit
limt→0 ρ˜(t) /∈ M . Therefore, the limit limt→0 φi(ρ˜(t)) /∈ φi(Xi) for any i. This, in turn, con-
tradicts the assumption that πi(a) = 0 for at least one i. Hence Φ(C) is closed in Φ(M).
Step 2: By Step 1 and by applying the mapping σ of the proof of Lemma 3.1, we may
assume that M ⊂ (−1,1)N . It is sufficient to prove that, if N > 2n+ 1, there exists an (N − 1)-
dimensional linear subspace V of RN whose orthogonal complement contains neither tangent
vectors nor secants of M . In this case, the orthogonal projection onto V restricted to M is a
definable Cm diffeomorphism onto its image.
Note that the projective space PN−1(R) is a real algebraic affine variety of dimension N − 1,
cf. [2, Theorem 3.4.4].
Let ΔM denote the diagonal of M . Consider the map s :M × M \ ΔM → PN−1(R) given
by (n1, n2) → R(n1 − n2). The image of s contains all lines of RN through the origin, which
correspond to a secant of M , and dim(s(M ×M \ΔM)) 2n.
Let m 1: All lines of RN through the origin, which are generated by a tangent vector of M ,
belong to the union of the images of the functions λi :φi(Ui) × Rn \ {0} → PN−1(R) where
λi(u,w) is the line Rw∇ϕ ◦ φ−1i (u) for every i = 1, . . . , k. Furthermore, dim(λi(φi(Ui)× Rn \{0})) 2n.
Hence, there is a line P that is not contained in the images of s, λ1, . . . , λk . Let V be the
orthogonal complement of P .
Let m = 0: By [5, p. 122, Theorem 1.7], the manifold M is definably homeomorphic to a
complex in RN . Then, a similar argument to that of the case m 1 concludes the proof. 
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Here, we study the abstract definable smooth functions from an abstract definable smooth
manifold to R.
5.1. Approximation of functions on definable smooth submanifolds
Let m be a non-negative integer. We consider Cmdef(M,R) where M is a definable smooth
submanifold in Rn.
Theorem 5.1. Let M ⊂ Rn be a definable smooth submanifold. Then the set C∞def(M,R) is dense
in Cmdef(M,R) with respect to the Cmdef-topology.
Proof. Let ε :M → (0,∞) be a definable continuous function. Take a definable smooth tubular
neighborhood Ω of M and a definable smooth retraction r :Ω → M . Then, the function F :=
f ◦ r: Ω → R is a Cm extension of f to Ω . Let ε˜ :Ω → (0,∞) be a definable continuous
extension of ε. By Theorem 1.1 there is a definable smooth function g :Ω → R such that
∣∣Dα(F − g)(ω)∣∣< ε˜(ω), |α|m, ω ∈Ω. (46)
The continuity of the restriction mapping res implies that F |M is close to f , if ε is chosen small
enough. 
Remark 5.2. This theorem implies that in the situation described in Section 2.4, we may assume
that the function ε in statement (11) is smooth.
5.2. Functions on abstract definable smooth manifolds
According to Theorem 1.3 every abstract definable smooth manifold is abstract definably C∞
affine. Hence, the proofs in this subsection only need to be made for definable smooth submani-
folds.
First, we generalize Corollary 1.2 to definable smooth manifolds.
Theorem 5.3. Let M be an abstract definable smooth manifold, and let A,B ⊂ M be definable
disjoint sets which are closed in M . Then there exists an abstract definable smooth function
ϕ :M → R which equals 1 in A and vanishes in B .
Proof. Let M ⊂ Rn. Select a definable open tubular neighborhood U of M in Rn. Then A and B
are closed in U . By Corollary 1.2 there is a definable smooth function ψ :U → R such that
A⊂ {ψ = 1} and B ⊂ {ψ = 0}. Set ϕ :=ψ |M . 
The semialgebraic version of the next corollary is known as Efroymson’s Extension Theorem,
cf. [10, Theorem 4], see also [2, Theorem 8.9.12], and [25].
Corollary 5.4. Let M be an abstract definable smooth manifold, let A⊂M be abstract definable
and closed in M , and let U ⊂M be an open abstract definable neighborhood of A. If f :U → R
is an abstract definable smooth function, then there is an abstract definable smooth function
F :M → R such that f |A = F |A.
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By Theorem 5.3 there is a definable smooth function ϕ :M → R that vanishes outside V and
equals 1 in A. Define F :M → R by
F(u) :=
{
ϕ(u)f (u), if u ∈M,
0, otherwise.  (47)
In the semialgebraic version, the closed set A must be the zero-set of a semialgebraic analytic
function. This, in turn, brings up the question, whether every definable closed set is the zero-set
of a definable smooth function.
Next we note abstract definable smooth partition of unity.
Corollary 5.5. Let M be an abstract definable smooth manifold. Then, for a finite abstract de-
finable open cover U1 ∪ · · · ∪Uk of M , there are abstract definable smooth functions ϕ1, . . . , ϕk
from M to [0,1] such that
(a) supp(ϕi)⊂Ui , i = 1, . . . , k,
(b) ∑ki=1 ϕi(u)= 1, u ∈U .
Proof. The proof is similar to that of Lemma 4.6, and we omit it. 
Let M be an abstract definable smooth manifold. Then C∞def(M,R) is an abstract definable
sheaf. That is, if U1, . . . ,Uk are abstract definable open subsets of M , and if fi :Ui → R are ab-
stract definable smooth functions, i = 1, . . . , k, such that fi = fj on Ui ∩Uj , then there exists an
abstract definable smooth function F :
⋃k
i=1 Ui → R such that F |Ui = fi . An abstract definable
sheaf S is called abstract definably fine, if for any pair A,B ⊂ M of abstract definable closed
disjoint sets there exist abstract definable open neighborhoods U and V of A and B , respectively,
and there exists a homomorphism η :S → S, such that η(f )|U = f and η(f )|V = 0 for all f ∈ S.
Corollary 5.6. Let M be an abstract definable smooth manifold. Then the sheaf of vector-spaces
C∞def(M,R) is abstract definably fine.
Proof. Theorem 5.3 implies that there is a definable C∞ function ϕ :M → R which equals 1
in some open definable neighborhood of A and vanishes in some open definable neighborhood
of B . Hence, the map η :C∞def(M,R)→ C∞def(M,R), f → f ϕ, satisfies the desired property. 
6. Approximation for definable smooth submanifolds
6.1. Approximation of functions
Let m be a non-negative integer. We now prove the density of the set of definable smooth
functions in the set of definable Cm functions between definable smooth submanifolds.
Lemma 6.1. Let M ⊂ Rn and N ⊂ Rp be definable smooth submanifolds. Then C∞def(M,N) is
dense in Cm (M,N) with respect to the Cm -topology.def def
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N where U is a definable open neighborhood of N in Rn. By Section 2.3, the mapping
r∗ :Cmdef(M,U) → Cdef(M,N) is continuous. Take a sufficiently close definable smooth approx-
imation g :M →U of f , and set h := r∗(g). Note that h is smooth, and that h is close to f . 
We prove Theorem 1.4.
Proof of Theorem 1.4. Note that m 1. By Theorem 1.3 we may assume that both M and N
are definable smooth submanifolds. As the definable Cm diffeomorphisms between two definable
Cm submanifolds form an open set with respect to the Cmdef-topology, it is enough to select a
sufficiently close definable smooth approximation of a definable Cm diffeomorphism between
the submanifolds. 
6.2. Approximation of submanifolds
We provide a proof of Theorem 1.5. Note that m 1.
Proof of Theorem 1.5. We prove by induction on k the following statement:
If M has a definable Cm atlas consisting of k simple charts, then the conclusion of the theorem
holds.
Let M possess an atlas consisting of k simple charts πi :Ui → Rn−d , i = 1, . . . , k. Set π := πk
and V :=Uk .
If k = 1, then M is the graph of a definable Cm function, and the conclusion follows immedi-
ately by Theorem 1.1.
Let k > 1. Take a definable open subset W of V such that cl(W) ⊂ V and U1 ∪ · · · ∪Uk−1 ∪
W =M . Let ε :π(V )→ [0,∞) be the function
ε(x) := 1
2
min
(
1,dist
(
π−1(x), ∂U ∪M \W )). (48)
Select by Theorem 1.1 a definable smooth function g ∈ Umε (π−1|π(W)). Then g extends as
a Cm function to π(V ) by setting g = π−1 outside of π(W). Moreover, the set M˜ = M \ W ∪
Γ (g|π(V )) is a definable Cm submanifold, and Id on M \W and (π,g ◦π) on V glue together to
the definable Cm diffeomorphism ψ :M → M˜ . Note that ψ(W) is a smooth manifold. Smooth-
ing is a Cm procedure. So πi restricted to Ui \ψ−1(π(W)) extends to an open neighborhood U ′i
of Ui \ψ−1(π(W)) in M˜ such that the extended πi remains simple, i = 1, . . . , k − 1.
Let Z be an open definable subset in M˜ containing M˜ \ V such that cl(Z) ∩ M˜ ⊂ M ′ :=
U ′1 ∪ · · · ∪U ′k−1. According to the induction hypothesis, there is a definable smooth submanifold
N ′ ⊂ U ∪ M ′, and there is a definable Cm diffeomorphism φ : M˜ → N ′ with φ = Id outside
Z ∩ U . Set N = N ′ ∪ (Γ (g) \ M ′). Then N is a definable smooth submanifold. Moreover, the
function φ extends to M˜ by setting φ = Id on M˜ \N ′. Hence ϕ := φ ◦ψ and N satisfy the desired
properties. 
6.3. Consequences
As an application of Theorems 1.3 and 1.5, we note the following corollaries. Let 1m∞.
An abstract definable Cm diffeomorphism class of abstract definable Cm manifolds is the collec-
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given abstract definable Cm manifold. Different classes are disjoint.
Corollary 6.2. Every abstract definable Cm diffeomorphism class of abstract definable Cm man-
ifolds contains a definable smooth manifold.
Corollary 6.3. Every abstract definable Cm manifold of dimension n is abstract definably Cm-
diffeomorphic to a definable smooth submanifold of R2n+1.
Corollary 6.4. Every definable Cm diffeomorphism class of definable Cm submanifolds in Rn
contains a definable smooth submanifold in Rn.
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